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Abstract. We propose an online co-regularized learning algorithm for
classification and regression tasks. We demonstrate that by sequentially
co-regularizing prediction functions on unlabeled data points, our algorithm provides improved performance in comparison to supervised methods on several UCI benchmarks and a real world natural language processing dataset. The presented algorithm is particularly applicable to
learning tasks where large amounts of (unlabeled) data are available for
training. We also provide an easy to set-up and use Python implementation of our algorithm3 .

1

Introduction and background

Semi-supervised learning algorithms have gained more and more attention in recent years as it uses unlabeled data. This type of information is typically much
easier to obtain than labeled data. Multi-view learning algorithms split the attributes into independent sets and an algorithm is learnt based on these different
“views”. The goal of the learning process consists in finding a prediction function for every view performing well on the labeled data and so that all prediction
functions agree on the unlabeled data. Closely related to this approach is the
co-regularization framework described in [1], where the same idea of agreement
maximization between the predictors is central. Briefly stated, algorithms based
upon this approach search for hypotheses from different views, such that the
training error of each hypothesis on the labeled data is small and, at the same
time, the hypotheses give similar predictions for the unlabeled data. Within
this framework, the disagreement among the predictors is taken into account
via a co-regularization term. Empirical results show that the co-regularization
approach works well for domain adaptation [2], classification [1, 3], regression
[4], and clustering [5] tasks. Moreover, theoretical investigations demonstrate
that the co-regularization approach reduces the Rademacher complexity by an
amount that depends on the “distance” between the views [6, 7].
3
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1.1

Co-Regularization Framework

A classical example of co-regularization is a web-document classification task
where the document can be represented by keyword features or as the link features it contains, thus, creating two distinct views of the same data point [8].
For each of these views prediction function can be trained and co-regularized on
unlabeled data to increase generalization performance of the algorithm.
Many of the multi-view algorithms are formulated within a regularization framework [9, 10]. In this framework, the learning algorithm selects a hypothesis f
which minimizes a cost function and which is, at the same time, not too “complex”, i.e. which does not overfit while training and is therefore able to generalize
to unseen data.
m

Consider a training set S = (X, Y ) originating from a set {(xi , yi )}i=1 of data
points where X = (x1 , . . . , xm )T ∈ X m and Y = (y1 , . . . , ym )T ∈ Rm . Also, let
us consider M different hypotheses spaces H1 , . . . , HM or so-called views. These
views stem from different representation of the data points, meaning unique
subsets of features. Let us assume that in addition to the training set S = (X, Y )
e with unlabeled data points
with labeled examples we have a training set Se = (X)
n
T
n
e
{xm+i }i=1 , X = (xm+1 , . . . , xm+n ) ∈ X . In the co-regularization setting we
would like to identify functions f = (f 1 , . . . , f M ) ∈ H1 × . . . × HM minimizing
the objective function
J(f ) =

M
X
v=1

L(f v , S) + λ

M
X
v=1

kf v k2Hv + µ

M
X

e
LC (f v , f u , S),

(1)

v,u=1

where λ, µ ∈ R+ are regularization parameters and where LC is the loss function
measuring the disagreement between the prediction functions of the views on the
unlabeled data.
We note that by considering a single view and specializing the loss in the above
formulation we can obtain a variety of other algorithms. We obtain support vector machines [11] by choosing a hinge loss function and we obtain regularized
least-squares (RLS) [12] by choosing a squared loss function. In turn, the RLS
algorithm with slight modifications - possibly including a bias term - leads to
a wide class of other learners, such as the least-squares support vector machine
[13], proximal vector machines [14] and kernel ridge regression [15].
Co-regularized algorithms are usually not straightforwardly applicable to large
scale learning tasks, when large amounts of unlabeled as well as labeled data are
available for the training. Several recently proposed algorithms have complexity
that is linear in the number of unlabeled data points and superlinear in the
number of labeled examples (e.g. cubic as in case of co-regularized least squares
[4]). Such methods become impossible to use as the dataset size increases.

2

Online Co-Regularized algorithm

Online algorithms are amongst the most popular approaches for large scale learning. Methods such as Pegasos [16], LaSVM [17] and GURLS [18] have been
successfully applied to a wide range of large scale problems leading to stateof-the-art generalization performance. Our algorithm is related to the above
mentioned methods but is preferable in case unlabeled data points are available
for learning.
A popular approach to tackle large scale learning problems is by using efficient
approximation techniques such as stochastic gradient decent (see e.g. [19]). Let us
consider the co-regularized algorithm in the online setting. Slightly overloading
our notations, we write the objective function as
!
M
m
M
m+n
X
X
X
X
∗
v
v
v
J (W ) =
L(xi , yi ; w ) + λLR (w ) +µ
LC (xvi , xui ; wv , wu ),
v=1

v,u=1 i=m+1
v6=u

i=1

(2)
where the first term corresponds to the loss function mentioned previously and
the second term to a regularization on the individual prediction functions. The
third is again a co-regularization term that measures the disagreement between
the different prediction functions on unlabeled data. We can approximate the
optimal solution (obtained when minimizing (2)) by means of gradient descent
v
wt+1
= wtv − ηtv ∇wv J ∗ (W ).

(3)

Let us consider the setting in which the squared loss function is used for the coregularization and L2 norm for the regularization terms. The choice of squared
loss for the co-regularization term is quite natural as it penalizes the differences
among the prediction functions constructed for multiple views (similar to the
standard regression setting where the differences between the predicted and true
scores are penalized). For every iteration t of the algorithm, we first choose a
set At ⊆ S of size k. Similarly we choose Ãt ⊆ S̃ of size l for each round t
on the unlabeled dataset. Then, we replace the “true” objective (2) with an
approximate objective function and write the update rule as follows
X

v
wt+1
= (1 − ηtv λ)wtv − ηtv

∇L(xv , y; wtv ) −

(x,y∈At )

4µηtv

M
X

X


wtvT xv − wtuT xu xv .

(4)

v,u=1 (x,y∈Ãt )
v6=u

Note that if we choose At = S and Ãt = S̃ on each round t we obtain the
gradient projection method. At the other extreme, if we choose At to contain a
single randomly selected example, we recover a variant of the stochastic gradient

method. In general, we allow At to be a set of k and Ãt to be a set of l data
points sampled i.i.d. from S and S̃, respectively.
The hinge loss function is usually considered as more appropriate for classification problems, although in several studies it has been empirically demonstrated
that squared loss often leads to similar performance (see [20, 21]). Let us define A+ to be the set of examples for which wv obtains a non-zero loss, that
is A+ = {(xv , y) ∈ At : yhxvP
, wv i < 1}. Then by substituting the second term
v
in the equation (4) with ηt (x,y∈A+ ) yxv we obtain the update rule for the
online co-regularized algorithm with hinge loss. When the squared loss function
is used for labeled and unlabeled data we obtain
P the update rule by substituting the second term in equation (4) with ηtv (x,y∈At ) (y − wvT xv )xv . Finally,
if the number of dimensions in the dataset is not large we can use all unlabeledP
data points at every iteration by precomputing multiplication terms in
M
4µηtv v,u=1 (X vT wv − X uT wu )X v . Below we provide a description of the prov6=u

posed online co-regularized algorithm for classification task.

Algorithm Online co-regularized algorithm (OCA-k-l)
Require: Datasets S and S̃, regularization parameter λ, batch sizes k and l, number
of views M , number of iterations N , co-regularization parameter µ.
Ensure: wv = 0
1: for t = 1, 2, . . . , N do
2:
Choose At ⊆ S, where |At | = k and Ãt ⊆ S̃, where |Ãt | = l
v
v
v
3:
Set A+
t = {(x , y) ∈ At : yhx , wt i < 1}
v
1
4:
Set ηt = λt
P
v
5:
wt+1
← (1 − ηtv λ)wtv − ηtv (x,y∈A+ ) yxv
 v
P t P
vT v
uT u
x
6:
−4µηtv M
v,u=1
(x,y∈Ãt ) wt x − wt x
v6=u

v
7: Output wN
+1 (weight vector for a single view)

2.1

Discussion

Although the proposed algorithm is presented with hinge loss function, the extensions to logarithmic, -intensive, and several others are relatively straightforward.
Moreover, similarly to the Pegasos algorithm, OCA can be also formulated to
use kernel functions. The benefit in this case is that no direct access to the feature vectors of xv is needed and we can also consider non-linear kernel functions
for the learning task. However, the drawback of such a “kernelized” version of
OCA is that although the number of iterations required by the algorithm does
not depend on the number of training examples, the runtime does. Also note
that in the above formulation we considered a version of the algorithm that

makes use of randomly sampled subsets At and Ãt at every iteration. Flexibility to vary the sizes of these sets at every time step can be beneficial in some
circumstances, for example when prediction functions in multiple views start to
diverge significantly one can consider increasing the number of unlabeled data
points in the co-regularized term.
In our empirical evaluation we test the performance of the algorithm on various
datasets, including one from the natural language processing domain where it is
common to have very sparse and high dimensional feature representations of the
data. To deal with such a scenario we follow the suggestion presented in [16].
That is, when each data point has very few non-zero elements we can represent a
weight vector wv as a pair (z, a) where z ∈ Rm is a vector and a is a scalar. The
vector wv is defined as wv = az. Using this representation, it can be verified
that the total number of operations required for performing one iteration of our
online co-regularization algorithm is O(M d), where d is the number of non-zero
elements in xv .

3

Experiments

We evaluate the performance of the proposed algorithm on publicly available
datasets from the UCI repository4 5 and the BioInfer corpus6 - a real world natural language processing dataset. To benchmark the performance of our algorithm we select a number of standard regression and classification datasets from
the repository, namely abalone, cadata, housing, mg, space, svmguide3,
germannumer, australian and use the BioInfer corpus to evaluate performance of our method on complex natural language processing data. To simulate
a semi-supervised learning setting, we remove part of the labels from each of
the datasets. We use the classical learning setting, where 70% of the data is
used for training and the remaining 30% as testing. 20% of the training data
is randomly selected to be labeled, and the others are used as unlabeled data.
Note that the used datasets vary in size from several hundred samples to several
tens of thousands and the density varies from sparse to dense. Depending on
the learning task, the performance measure is either AUC for classification or
RMSE for regression. The datasets are preprocessed by applying a linear scaling
to each feature to the interval [−1, 1]. For regression datasets we also apply a
linear scaling on the labels, to the interval [0, 100].
We compare the performance of our online co-regularized algorithm with several
other methods, namely the baseline - supervised - version of the algorithm, excluding the co-regularization term, which is in essence equivalent to the Pegasos
algorithm [16]. We also compare with the multi-view version of the algorithm,
4
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6
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also excluding the co-regularization term, termed as Pegasos MV. For classification sets we use a hinge loss for all methods, denoted by appending HL.
For regression sets we do the same with the squared loss, SL. We compare with
several instantiations of the online co-regularized algorithm, termed as OCA-kl, using various sizes of unlabeled batch examples. For the supervised learning
algorithms, only the labeled part of dataset is used for training. The same set
is then used for training the co-regularized model, together with the unlabeled
data.
Parameter selection for each model is done by 10-fold cross-validation over the
train partition of the data. For the supervised models, parameters to be selected
are learning rate η0 and regularization parameter λ. For the supervised and
semi-supervised multi-view models we consider two views that are constructed
via random partitioning of the data attributes into two unique sets. Such division
of the attributes for constructing multiple views has been previously used in [4].
For the multi-view model we have to estimate the learning rate η0 , as well as the
λ1 and λ2 parameters. The semi-supervised model has an additional parameter
µ controlling the influence of the co-regularization on model selection.
Table 1. Results on the Abalone dataset. The OCA-1-5 algorithm outperforms supervised learning methods. Improvement in performance is statistically significant according to the Wilcoxon signed rank test. The difference between the co-regularized
algorithms OCA-1-1 and OCA-1-5 is also statistically significant.
Abalone
CV perf (RMSE)
Pegasos SL
14.40
Pegasos MV SL
11.70
OCA-1-1
11.63
OCA-1-5
11.73

η0
0.5
0.5
0.25
0.25

λ1
2.0
16.0
16.0
16

λ2
n/a
0.25
0.25
0.25

µ Test perf (RMSE)
n/a
19.46
n/a
15.52
0.5
14.23
0.5
13.50

Table 2. Results on the Cadata dataset. OCA-1-1 leads to a statistically significant
performance improvement compared to supervised Pegasos SL and Pegasos MV SL
according to the Wilcoxon signed rank test. The difference between the co-regularized
algorithms OCA-1-1 and OCA-1-5 is not statistically significant.
Cadata
CV perf (RMSE)
Pegasos SL
24.45
Pegasos MV SL
24.29
OCA-1-1
23.97
OCA-1-5
23.30

η0
2.5
1.5
1.5
1.5

λ1
8.0
16.0
1.0
1.0

λ2
n/a
4.0
16.0
16.0

µ Test perf (RMSE)
n/a
26.00
n/a
27.26
1.5
25.76
1.5
25.80

The results of the experiments are included in the Tables 1-8. It can be observed
that in all experiments except the housing dataset, the proposed co-regularized

Table 3. Results on the Housing dataset. Pegasos SL outperforms other methods on
the smallest dataset used in our empirical evaluations.
Housing
CV perf (RMSE)
Pegasos SL
19.34
Pegasos MV SL
17.07
OCA-1-1
17.75
OCA-1-5
16.13

η0
0.0625
0.01
0.01
0.01

λ1
8.0
16.0
4.0
4.0

λ2
n/a
64.0
256
256

µ Test perf (RMSE)
n/a
16.34
n/a
17.59
1.5
18.54
1.5
18.69

Table 4. Results on the MG dataset. OCA-1-1 leads to statistically significant performance improvement compared to supervised Pegasos SL according to the Wilcoxon
signed rank test. The differences between the co-regularized algorithms OCA-1-1, OCA1-5, and Pegasos MV SL are not statistically significant.
MG
CV perf (RMSE)
Pegasos SL
45.53
Pegasos MV SL
45.88
OCA-1-1
44.51
OCA-1-5
44.93

η0
0.125
0.125
1.5
0.125

λ1 λ2
µ Test perf(RMSE)
1.0 n/a n/a
46.71
0.5 0.125 n/a
45.73
64 32 0.1
45.57
0.5 0.125 0.01
45.91

Table 5. Results on the Space dataset. OCA-1-1 leads to statistically significant performance improvement compared to supervised Pegasos SL and Pegasos MV SL according
to the Wilcoxon signed rank test. The difference between the co-regularized algorithms
OCA-1-1 and OCA-1-5 is not statistically significant.
Space
CV perf (RMSE)
Pegasos SL
58.32
Pegasos MV SL
50.42
OCA-1-1
41.95
OCA-1-5
42.80

η0
0.25
0.125
1.0
0.125

λ1
0.5
1.0
0.125
1.0

λ2
n/a
0.125
0.5
0.125

µ Test perf (RMSE)
n/a
58.17
n/a
51.90
n/a
36.60
0.5
36.84

Table 6. Results on the Germannumer dataset. OCA-1-1 leads to statistically significant performance improvement compared to supervised Pegasos HL and Pegasos
MV HL according to the Wilcoxon signed rank test. The difference between the coregularized algorithms OCA-1-1 and OCA-1-5 is also statistically significant.
Germannumer CV perf (AUC) η0
λ1
λ2
µ Test perf (AUC)
Pegasos HL
0.72
10 0.03125 n/a n/a
0.74
Pegasos MV HL
0.76
0.75
4
0.125 n/a
0.71
OCA-1-1
0.75
0.125 0.125 0.125 0.01
0.75
OCA-1-5
0.75
0.125
16
0.5 0.2
0.74

Table 7. Results on the Svmguide3 dataset. OCA-1-5 leads to statistically significant
performance improvement compared to supervised Pegasos HL and Pegasos MV HL
according to the Wilcoxon signed rank test. The difference between the co-regularized
algorithms OCA-1-1 and OCA-1-5 is also statistically significant.
Svmguide3
CV perf (AUC)
Pegasos HL
0.85
Pegasos MV HL
0.83
OCA-1-1
0.77
OCA-1-5
0.82

η0
1
1.5
1.5
0.25

λ1
0.25
0.125
0.125
0.0625

λ2
n/a
0.125
0.125
0.125

µ Test perf (AUC)
n/a
0.74
n/a
0.75
0.05
0.73
0.01
0.76

Table 8. Results on the Australian dataset. OCA leads to statistically significant
performance improvement compared to supervised Pegasos HL and Pegasos MV HL
according to the Wilcoxon signed rank test. The difference between the co-regularized
algorithms OCA-1-1 and OCA-1-5 is not statistically significant.
Australian
CV perf (AUC) η0
λ1
λ2
µ Test perf (AUC)
Pegasos HL
0.95
0.0625 0.03125 n/a
n/a
0.92
Pegasos MV HL
0.95
0.25 0.0625 0.03125 n/a
0.92
OCA-1-1
0.93
0.5 0.0625 0.03125 0.001
0.93
OCA-1-5
0.94
1
0.0625 0.03125 0.001
0.93

algorithm outperforms supervised learning methods. The housing dataset is also
the smallest dataset considered in our empirical evaluation. We use a Wilcoxon
signed-rank test [22] to estimate whether the differences in performance are
statistically significant. In all cases (with the exception of housing dataset) the
OCA leads to statistically significant improvement over the standard Pegasos
algorithm. Detailed information for each dataset is reported in the caption of
the corresponding table.
3.1

Parse goodness estimation

Throughout this experiment, we use the BioInfer corpus [23] which consists of
1100 manually annotated sentences.7 For each sentence, we generate a set of
candidate parses with a link grammar (LG) parser [24]. The LG parser is a full
dependency parser based on a broad-coverage hand-written grammar. It generates all parses allowed by its grammar and applies a set of built-in heuristics to
predict goodness of the parses. However, the performance of its heuristics has
been found to be poor when applied to biomedical text [25], and hence subsequent selection methods are needed. In our experiment we use proposed online
co-regularized algorithm instead of LG parser built-in heuristics to predict goodness of the generated parse.
Our dataset consists of 3000 parses represented as sparse vectors of dimensionality 201740. We obtain a scoring for an input by comparing its parse to the
7
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hand annotated correct parse of its sentence. In order to select the parameter
values, we divide the dataset into training 70% and test set 30% (we ensure that
the parses that belong to the same sentence belong to a single set). Also, 20%
of the training data are randomly selected to be labeled, and the rest is used as
unlabeled data.
The first dataset is used for parameter estimation and the second one is reserved
for the final validation. The appropriate values of the regularization parameters
are determined by grid search with 10-fold cross-validation on the parameter
estimation data. Finally, the algorithm is trained on the whole training set with
Table 9. Results on the BioInfer dataset. OCA-1-5 leads to statistically significant
performance improvement compared to supervised Pegasos SL and Pegasos MV SL
according to Wilcoxon signed rank test. The difference between the co-regularized
algorithms OCA-1-1 and OCA-1-5 is not statistically significant.
BioInfer
CV perf (RMSE)
Pegasos SL
45.36
Pegasos MV SL
44.94
OCA-1-1
39.78
OCA-1-5
39.85

η0
0.5
0.5
0.5
0.5

λ1
32
16
16
16

λ2
n/a
16
16
16

µ Test perf (RMSE)
n/a
63.86
n/a
63.16
0.4
61.47
0.4
61.29

the selected parameter values and tested with the test parses reserved for the
final validation. The results of the experiment are presented in Table 9. It can
be observed that OCA notably outperforms both supervised methods and the
improvement in performance is statistically significant according to a Wilcoxon
signed rank test. Those results indicate that our algorithm is applicable to the
tasks in natural language processing and other domains where sparse, high dimensional data are commonplace.

4

Conclusions

This work presents an online co-regularized algorithm for regression and classification tasks. Our algorithm is computationally efficient and is naturally suited
for learning tasks in which large amounts of unlabeled and labeled data are
available for training. Our algorithm is related to online methods such as such
as Pegasos [16], LaSVM [17] and GURLS [18] and unlike many co-regularized
algorithms has computational complexity independent of the number of training data points. In the empirical evaluation we demonstrate that our method
consistently performs well on publicly available datasets as well as notably outperforms supervised learning algorithms on the BioInfer corpus from the natural
language processing domain. Last but not least, we make available an efficient
implementation of our algorithm coded in Python.

Our algorithm can be extended to be applicable to various learning tasks. For
instance, it can be adapted for the task of large scale preference learning and
ranking. Large scale learning to rank has recently received notable attention
and while several supervised learning algorithms have been proposed [26], taking
into account large amount of unlabeled data (naturally abundant in IR domain)
can help to even further improve predictive performance of the models. Thus,
an interesting future research direction is to adapt and apply the online coregularized algorithm to large scale learning to rank tasks.
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